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1 Overview

My current research interest is in the applications and mathematical foundations of quantum field
theory (QFT). As per applied QFT, I have interest in quantum chromodynamics (QCD), in par-
ticular, topological aspects of the (thermal) QCD, phase structure and also in non-linear sigma
models in connection to condensed matter systems. On the foundational front, one of my goals is
to construct a rigorous definition of QFT with practical utility, comparable to lattice field theory
(discussed below). I also have interest in theoretical aspects of lattice field theory e.g., lattice super-
symmetry, large-N volume independence, and mathematical physics, e.g., index theory, resurgence
theory beyond classical asymptotics. My work in the last five years, very recently combined with
ideas from mathematics called resurgence theory, provides a powerful formalism to give (plausibly)
a non-perturbative continuum definition of QFT and a way to understand the observed permanent
confinement of quarks in the strong interactions in locally four dimensions.

My research is motivated by physical problems in field theories (and rarely technical ones),
as opposed to particular techniques. Due to this reason, besides borrowing techniques from su-
persymmetry, string/D-brane theory, lattice field theory, I have also developed a variety of new
field-theoretic ideas and applied newly developed mathematical formalisms to QFT. I have com-
mand of a very broad spectrum of techniques in quantum field theory, and mathematics, and most
often, I apply some of the recent progress to some of the hardest problems in non-perturbative field
theories. So far, this allowed me to solve (or greatly improve) a number of old outstanding problems
in our field. Briefly, these are the following.

Lattice formulation for supersymmetric gauge theories For a long time, it was believed
that lattice and supersymmetry were incompatible. In a series of papers with David B. Kaplan, I
have applied some new analytical tools (orbifolding), developed in string theory, to solving some
long-standing problems in lattice gauge theory, such as how to nonperturbatively regulate super-
symmetric gauge theories, including N = 4 supersymmetric Yang-Mills (SYM) theory [1]. Indepen-
dently, Catterall showed how this can be done by “topological” twisting. Then, I demonstrated the
equivalence of the two formalism [2]. These two solutions and their interrelation are now accepted
as standard solutions in the subfield. In the long run, I hope these supersymmetric lattice formu-
lation to be useful in understanding nonperturbative string theory and supergravity via AdS/CFT
duality.

Large-N volume independence (or Eguchi-Kawai (EK) reduction): It is well-known,
since 1982, that if a gauge theory compactified on a torus respects its center symmetry, its dy-
namics exhibits volume independence at large N . This equivalence implies that a gauge theory
on R4 can be mapped to a large-N matrix model (or quantum mechanics) whose non-perturbative
spectrum coincides with the theory on R4. However, despite many attempts over the years, no
working example of EK reduction was found. It was anonymously believed that it was impossible
to achieve such an equivalence, although no no-go theorem existed. Inspired by some recent results
in supersymmetric theories, in 2007, I found the first examples of gauge theories which satisfy vol-
ume independence in the large-N limit [3]. In 2008, I generalized it with Yaffe, by using a certain
double-trace deformation, to Yang-Mills theory [4] and almost all interesting QCD-like and chiral
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theories. Currently, there is a renewed interest on the subject, both from the lattice and field theory
communities.

Confinement and magnetic bions: In a series of papers, I found the first semi-classically
solvable examples of locally four-dimensional non-supersymmetric gauge theories on R3 × S1. The
prime example is QCD with adjoint fermions with periodic boundary conditions along S1 [5]. This
work revealed the existence of a new class of topological excitations, which are non-selfdual, unlike
monopoles or instantons, which I referred to as “magnetic bions”. Magnetic bions generate mass
gap for gauge fluctuations. Among all of my papers, this is the one that I see as most important,
especially for the new insights it brought to the confinement and mass gap problem in gauge theory.
The ideas in this paper are also used to demonstrate that confinement in Polyakov model in 3d and
Seiberg-Witten theory in 4d are continuously connected, a relation not even anticipated earlier due
to their seemingly different mechanisms [6]. My paper also eventually shed light to the resolution
of the IR-renormalon puzzle by ’t Hooft.

Nonperturbative continuum definition of QFT, resurgence theory and renormalons:
More than three decades ago, ’t Hooft showed that large-orders in perturbation theory in asymp-
totically free confining field theories is non-Borel summable, i.e., resummed perturbation theory is
ambiguous or not well-defined. This is known as infrared renormalon ambiguity, and it was un-
known what these ambiguities may cancel against. The cancellation is strictly needed in order to
have a well-defined meaning to QFT. (’t Hooft was searching a continuum definition, as an alterna-
tive to lattice formulation.) During the same era, apart from the fact that perturbation theory is
asymptotic, it is also understood that the dilute instanton approximation is invalid, the notion of
large-instanton leads to infrared divergences, etc. My recent work with Argyres [7, 8] and Dunne
[9, 10] shed light to many of these problems by using a mathematical framework called ”resurgence
theory” and ”transseries”, developed in the early 80s by French mathematician Écalle [11]. We pro-
vided ample evidence that the resurgence theory can be used to define QFTs non-perturbatively in
continuum, and developed necessary formalism at least in the semi-classical domain of compactified
QFTs. This is of course a big claim. Independent from our work, very recently, the eminent math-
ematician Maxim Kontsevich also made the observation that the resurgence theory applied to path
integrals can be used to define certain QFTs non-perturbatively [12]. A rather magical first step in
this analysis is that the ambiguity of the perturbation theory is cancelled against an ambiguity in
the amplitude of a topological molecule called ”neutral bion”, providing a semi-classical realization
of IR-renormalon. See future research section for details.

Index theorem for Dirac operator on R3 × S1: To generalize my work on confinement
to arbitrary gauge theories and to resolve a puzzling case in dynamical supersymmetry breaking
[13, 14], I have derived (with Poppitz) an index theorem for the Dirac operator on S1 × R3 in
the background of generic topological excitations [15]. A closed form of the index theorem and a
different derivation was known earlier in the mathematical index-theory literature [16], but is not
widely known. This is a piece of “physical mathematics” that was needed for gauge theory, and we
derived it by using exact operator identities in quantum field theory.

The examples above are meant to give the reader the flavor of the type of research that I am doing.
My research is a mix of old and new, mostly extremely ambitious physics problems some of which
have been deserted, not because we have solved them, but because we thought progress was not
likely. In the coming years, I plan to continue working on QFT and its applications.
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2 My near-future research in more detail

There are a number of problems in gauge theories that we can now address by using the tools
described in the Overview section and hopefully even more powerful quantum field theory techniques
to be developed over the upcoming years. My goals in the upcoming years are described in the
following subsections.

2.1 Resurgence theory, Borel-Écalle summability and towards contin-
uum definition of QFT

What I will briefly outline in this section is a program I initiated with Dunne and Argyres in
order to establish a non-perturbative continuum definition of QFT. We aim this construction to be
of practical utility, ultimately comparable to the numerical simulations of lattice gauge theory at
least in some limits, and not a mere formal structure. In recent work, we already acquired crucial
evidence, and resolved a few thirty years old standing puzzles in four and two dimensional QFT,
primarily QCD with adjoint fermions [7, 8] and CP (N − 1) model with fermions [9, 10].

I want to emphasize that the resurgence theory is quite new even in mathematics literature. It
is developed by Jean Écalle in early 80s, but even in mathematics, slightly broader realization of its
importance is during the last decade. Its appearance in QFT is with our work and independently
by Maxim Kontsevich is also advocating the outstanding importance of the resurgence theory to
have a continuum definition of QFT [12]. In string theory, quite recently, Marcus Marinõ, Ricardo
Schiappa and collaborators are also using resurgence theory in order to establish non-perturbative
formulations [17].

The major problem that most mathematician view QFT as non-rigorous is that perturbation
series are generally divergent asymptotic series which are also typically not Borel resummable in the
sense that the resummed series is ambiguous. Somehow secretly, this issue is also related to many
deep puzzles that we encountered in QFTs in late 70s, such as invalidity of dilute instanton gas
approximation, lack of physical interpretation for ’t Hooft’s infrared-renormalons, and the conflicts
between large-N and instantons are just to count a few. Anyone who is using QFT at a serious
level should appreciate the importance of these problems, these reflect the rather insufficient level
of understanding of these theories. It should also be emphasized that none of these problems is
formal, as they appear in realistic field theories describing some physical system.

Resurgence theory provides detailed information on Borel transforms and sums, their inter-
connection to Stokes phenomena and a set of general summation rules along the directions in the
Borel plane where there are singularities. For a quantum field theorist, perhaps the most interesting
aspect of this framework is Borel-Écalle (BE) summability, which provides tools for dealing with
non-Borel summable series, exactly the type of situations that prevented ’t Hooft from defining
QFT’s non-perturbatively due to so called IR-renormalon ambiguity.

In my work with Dunne and Argyres, by using two complementary methods, a) Écalle’s theory
of resurgent functions and transseries, b) Principle of continuity: the absence of phase transitions
or rapid-crossovers upon spatial (non-thermal) compactification or certain deformations of QFTs,
we provided a physical interpretation for IR-renormalon problem in the semi-classical domain. It
turns out that IR-renormalon is deeply related to the magnetic bions, whose existence is shown in
my work from 2007 [5], and neutral bions whose existence is shown in joint work with Argyres , and
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whose universality and physical implications are understood in ongoing joint work with Poppitz
and Schäfer.

Admittedly, there are more problems that arise with the merger of resurgence theory with QFT
than the problems it resolves. This is a healthy state of affairs, opening a new direction for research.
Few problems that I am planning to think about are listed below.

1: Borel-Écalle summability and resummation of semi-classical expansion: In earlier
work, we showed the leading cancellation of ambiguities in various asymptotically free confining
theories. The demonstration of the whole set of cancellation would be a major step, plausibly
equivalent to a continuum definition of QFT. In mathematical quantum mechanics literature, there
are indications that semi-classical expansion can be resummed to all orders to yield exact results.
I am working in this direction with Argyres and Dunne.

2: Which QFTs are Borel resummable? The general classification of which QFTs are
Borel summable, and which are not, is a meaningful and important question that can be addressed
using continuity, weak-coupling methods, and resurgence theory. For example, all extended super-
symmetric theories seem to be Borel summable according to our criteria given in [8]. This issue is
important because ’t Hooft speculated that IR-renormalons (which lead to non-Borel summability)
in asymptotically free theories may be related to confinement. In semi-classical domain, Argyres
and I sharpened this conjecture, and showed the relation between mechanism of confinement (mag-
netic bions) and renormalons. Thus, the question of Borel-summable or not in an asymptotically
free theory seems to be related to the confinement problem.

3: Stokes phenomena and analytic continuation of (lattice) field theories: An alter-
native method to understand how resurgence works in QFT is to construct analytic continuation of
QFT. I plan to study the analytic continuation of Wilson’s lattice gauge theory as well as various
continuum gauge theories. Recently, this type of analytic continuation is also discussed by Edward
Witten, for example, in Liouville theory. Resurgence theory simplifies some of the analysis therein
significantly, and provides new insights.

4: General two-dimensional non-linear sigma models: The techniques of [9] easily gener-
alize to all sigma models, in particular to the O(N) model. It is often asserted, based on homotopy
considerations, that there are no stable instantons for N ≥ 4. Our preliminary investigation shows
that with judiciously chosen boundary conditions, there are kink-instanton and bion configurations.
We aim to understand the large-orders in perturbation theory and its connection to topological
phenomena better.

5: Rigorous study of the 4d gauge theory-2d sigma model connection: The relation
between 4d gauge theory and 2d CPN−1 can be made non-perturbatively rigorous by compactifying
the former on asymmetric T 2 × S1

L × R, and the latter on S1
L × R. The analysis of [9] and [8] tells

us that the Lie algebraic classification of the topological configurations is actually identical.
6: Singularity structure in the Borel plane vs. theory of phase transitions: We have

recently realized that the Borel plane structure of singularities is drastically different in different
phases of a given QFT (this is in accordance with ’t Hooft’s speculation.) Even if there is no sharp
phase transition, but just rapid cross-over, a qualitative difference still arise. We would like to
pursue this direction further to see if we can build a theory of phase transition based on singularity
structure in Borel plane.

7: Duality in quantum mechanics versus mirror symmetry: For the N = (2, 2) theory,
the dual theory obtained in studying the theory on small S1×R, i.e., in quantum mechanics turns
out to be equivalent to the well-known mirror symmetry dual obtained by Hori and Vafa in the
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stringy framework of the same theory on R2. In other words, a simple quantum mechanical duality
and the mirror symmetry turns out to be equivalent. We would like to understand the underlying
reasons better.

2.2 Large-N and Matrix gauge theory (MGT)

A working large-N volume independence implies that a sufficiently large-N gauge theory has a
new non-perturbative formulation, apart from the lattice gauge theory (LGT) of Wilson. A lattice
theory is by necessity defined on a latticized T 4. The decompactification limit to R4 may be taken
by sending L→∞ limit. In practice, this translates to taking L� Λ−1, the strong length scale in
the theory.

If center symmetry is unbroken, even a one-site matrix model or one-site Hamiltonian (with
continuous time, counter-part of the Kogut-Susskind Hamiltonian) provides a non-perturbative
definition of gauge theory. In this case, the properties of infinite volume theory may be extracted
from the matrix model by sending N →∞.

It is anticipated that the reduced theory resulting from this method will offer both numerical and
analytical advantages over large-volume lattice simulations. The least it can become is a reliable
numerical alternative to lattice gauge theory in large-N limit. There are multiple roads to make
progress by using this formulation.

2.2.1 Perturbation theory in MGT: Eigenvalue crystals dual to Brillouin zones

I plan to pursue both perturbative and non-perturbative study of large-N quantum mechanics, and
the zero-dimensional matrix model. Primarily, we aim to understand how the perturbation theory
works precisely in the case of theory with unbroken center symmetry. There are already important
hints of how this part may work for general gauge theories from the works of Refs. [18, 19, 20]

In the volume dependent domain of center symmetric theories, we currently know that eigen-
values of gauge holonomies form crystals. The eigenvalue crystal is a conceptual counterpart of the
Brillouin zone in lattice gauge theory. In fact, the distance between the eigenvalues can be identified
as momenta in the Brilluouin zone of lattice gauge theory. There is a sense in which we can see the
Brillouin zone and space as emergent concepts in the corresponding quantum mechanics.

2.2.2 Deformed (Kogut-Susskind) Hamiltonian at arbitrary N and theta dependence

We aim to formulate the deformed (center-stabilized) YM theory in a Hamiltonian formulation,
either on or off the lattice, and solve it by using Hamiltonian techniques. The deformed theory is
defined in a Minkowski space-time metric with R2,1 × S1 topology. The Hamiltonian HdYM(L) is
for the theory on R2 × S1

L, where L is the radius of the spatial circle.
We already know that this theory is solvable in the semi-classical small-L domain by using

the path integral formalism. The Hamiltonian formulation of gauge theories was useful in the early
days of lattice gauge theory. Consider the Kogut-Susskind Hamiltonian for lattice gauge theory [21].
This theory is solvable at strong bare coupling in lattice gauge theory. To learn about continuum
physics, one needs to solve the Hamiltonian at weak bare coupling, because of asymptotic freedom.

Based on progress on Yang-Mills theory by using the double-trace deformations and the path
integral formalism, we anticipate that a solution to the deformed Kogut-Susskind Hamiltonian at
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weak coupling should be possible. It may require building new methods to find the ground-state

wave functional Ψ
(R2×S1)
0 for HdYM(L), but we see no fundamental obstacles.

The ground-state wave functional Ψ
(R2×S1)
0 for dYM on R2 × S1 is continuously connected to

the ground-state wave functional Ψ
(R3)
0 of the undeformed YM theory on R3. Although obtaining

the ground-state wave functional on R3 may not be a possible task today (or in the near future),
obtaining the ground state wave functional on R2 × S1 is worth the effort.

Introducing the θ-angle does not induce a sign problem in the Hamiltonian formulation. The
sign problem is associated with the Euclidean path integral formulation as it renders Euclidean
action complex. On the other hand, to account for the θ dependence of physics, the ground state
energy or mass gap must depend on θ. Presumably, this must enter by a generalization of the
Aharonov-Bohm effect, where θ angle acquires an interpretation as the magnetic flux. We aim to
understand how the ground-state energy and observables such as the mass gap behave as a function
of θ in Hamiltonian approach.

We also would like to understand the deformed Kogut-Susskind Hamiltonian at weak coupling
by using methods of resurgence theory and transseries. We already made significant progress on
this for the SU(2) theory, where we have found a mathematical proof that the spectrum and the
gap are resurgent functions within Born-Oppenheimer approximation.

2.3 Thermal QCD and the role of topological molecules

It is well-known that in pure YM, the center-symmetry-changing phase transition cannot be ana-
lyzed analytically on R3 × S1, mainly due to the fact that the transition occurs at a strong scale
of the theory, Tc ∼ Λ. The classic one-loop perturbative calculation of Gross, Pisarski and Yaffe
shows that at sufficiently high temperature, the theory is in a center-broken deconfined phase [22].
Currently, it not even known what (non-perturbative) effects lead to the transition to the confined
phase.

In a recent and ongoing collaboration with E. Poppitz and T. Schäfer, I am developing a new
method which enables us to understand the deconfinement phase transition in pure YM theory and
related QCD-like theories better. By using continuity and twisted partition function, the deconfining
phase transition in pure Yang-Mills theory is continuously connected to a transition that can be
studied in a controlled way at weak coupling for all simple groups on R3 × S1. We study explicitly
two class of examples, with a center-symmetry such as SU(N) at arbitrary N , and without a center-
symmetry such as G2. We show the existence of a topological configuration, “neutral bion”, whose
amplitude generates a repulsion among the eigenvalues of Wilson line. This effect is universal, valid
for all simple groups. It is counter-acted by the one-loop potential and surprisingly by monopole-
instanton amplitude, both of which generates an attraction among eigenvalues. The transition is
driven by the competion between these three effects. This effort is important in order to better
understand the transition to quark-gluon plasma phase observed at RHIC, as well as the phase
transitions in the early evolution of our universe as the universe cools down.

With the same collaborators, I am also examining the role of turning on the θ-angle in phase
transition. θ-angle introduces a sign problem in Euclidean formulation, whose semi-classical mani-
festation is the complexification of the fugacity of the monopole-instantons while not altering their
density. This leads to an interference effect between Euclidean path histories (analytic continuation
of the Aharonov-Bohm type interference), which we refer to as topological interference. This effect
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generates θ-angle dependence of critical temperature, Tc(θ), which assumes its minimum at θ = π
where it is non-analytic. At N =∞, critical temperature is constant and exhibits θ-independence.
In other words, in the semi-classical domain, we can circumnavigate the sign problem and provide
a physical interpretation thereof.

2.3.1 Chiral magnetic effect and non-trivial implications of topology

I am also investigating the role of topological defects with fractional topological charge in finite
temperature QCD+QED with possible observable implications at RHIC and at the ALICE detec-
tor at the LHC. Recently, Kharzeev proposed the chiral magnetic effect as an explanation for the
asymmetry of charge separation with respect to the reaction plane in a heavy-ion collision exper-
iment, an effect reported by the STAR collaboration at RHIC. His work is based on topological
aspects of gluon fields, the chiral anomaly, and the existence of large magnetic fields. Kharzeev
considers 4d-instantons and the Atiyah-Singer index theorem for QCD in the background of large
magnetic fields, and predicts a number of new phenomena [23]. My recent work shows that there
are topological defects which are more relevant than the usual 4d-instantons, and that the index
theorem we should be using at finite temperature is the Nye-Singer index theorem [16, 15]. In
collaboration with Kharzeev, Dunne and Başar, we plan to understand the implications of these
two new ingredients for chiral magnetic effect. With these collaborators, I am also examining the
counter-part of the chiral magnetic effect in simpler condensed matter systems.
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M. Ünsal, “Magnetic bion condensation: A new mechanism of confinement and mass gap in
four dimensions,” Phys. Rev. D 80 (2009) 065001 [arXiv:0709.3269 [hep-th]].
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